Using the multiconfiguration Dirac-Fock method and the second-order many-body perturbation theory method, highly accurate calculations are performed for the lowest 344 fine-structure levels arising from the 2s The accuracy of our calculated energies is however high enough to facilitate identifications of observed lines involving the n = 3, 4 levels. The calculated data are also useful for modeling and diagnosing fusion plasmas.
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Introduction
Accurate spectroscopic data for ions have practical applications in astrophysics and fusion science. As a rare gas, Krypton can easily be introduced into the plasma and does not pollute the vacuum vessel. For this reason it is widely used as an injected impurity for diagnosing tokamak fusion plasmas [1] [2] [3] . To analyze the observations of Kr ions, accurate atomic parameters including energies, transition rates, and lifetimes, are required. Previously, for highly ionized Kr, few, if any, atomic data were available. In response to this, we have reported full sets of consistent and highly accurate energies and transition parameters for Kr XXV [4, 5] , Kr XXVII [6] , and Kr XXX [7] , and this work continues our efforts for Olike Kr XXIX.
Experimental determinations of some levels of Olike Kr reported by Wyart and the TFR Group [1] , Dietrich et al. [8] , Denne et al. [9] , and Rice et al. [10] were compiled by Saloman [11] incorporated in the Atomic Spectra Database (ASD) of the National Institute of Standards and Technology (NIST) [12] . Using an electron-beam ion trap, Kink et al. [13] reported a few spectral lines for the (1s transitions of Kr XXIX with a microcalorimeter detector. Using the same equipment, Podpaly et al. [14] observed the extreme-ultraviolet spectra containing a few transitions among the n = 2 levels of Kr XXIX.
When experimental data are not available, theoretical approaches should provide relevant information. Unfortunately, theoretical data for Kr XXIX are scarce. Using various methods, some studies of energy and transition data limited to the 2s 2 2p 4 , 2s2p 5 , and 2p 6 configurations were carried out [15] [16] [17] [18] [19] . It is clear that atomic data involving the n = 3, 4 levels are also important because of their wide applications in fusion science [10, 13] . To our knowledge, the only published work for these levels were the calculations performed by Rice et al. [10] and Aggarwal et al. [20] . Rice et al. [10] gave some calculated data for the n ≥ 3 levels in O-like Kr. Aggarwal et al. [20] reported energies and oscillator strengths for the transitions among the 272 levels of the n ≤ 3 complexes using both the multiconfiguration DiracFock (MCDF) method implemented in the GRASP1 code [21, 22] and the standard relativistic configuration interaction (RCI) method in the FAC package [23] . However, because of limited account for configuration interaction (CI) effects, the atomic data presented in their work, although very valuable, are not accurate enough to directly aid line identification and diagnostics in fusion plasmas. Therefore, there is a demand for providing extensive and accurate atomic data for Kr XXIX for applications in controlled fusion.
The objective of the present study is to provide highly accurate spectroscopic data including energy levels, wavelengths, lifetimes, hyperfine interaction constants, Landé g J -factors, as well as E1, M1, E2, and M2 transition rates, line strengths, and oscillator strengths among the lowest 344 levels belonging to the 2s 4s configurations for O-like Kr XXIX. Calculations are performed using the MCDF method [24] implemented in the GRASP2K code [25, 26] . To obtain highly accurate atomic data, configuration spaces are elaborately built to consider various correlation effects. Relativistic corrections arising from the Breit interaction and quantum electrodynamics (QED) effects are added in the subsequent RCI procedure using the GRASP2K code. To assess the accuracy of the present MCDF data, independent calculations are performed using the secondorder many-body perturbation theory (MBPT) as implemented in the FAC package [23, [27] [28] [29] . Comparisons with previous calculations and available experimental determinations are also carried out. Excitation energies obtained from the two independent methods, MCDF and MBPT, are in excellent agreement with the NIST experimental values, i.e., the difference is within 0.07 %. The calculated energies are accurate enough to directly aid and confirm experimental identifications. The present work significantly increases the amount of accurate data for the n = 3, 4 levels. 2
Calculations

MCDF
The MCDF method has been described by Grant [24] . Based on the active space approach [30, 31] for the generation of the configuration state function (CSF) expansions, separate calculations are done for the even and odd parity states. For the even parity states, the CSF expansions are obtained by allowing single and double (SD) excitations from the multi-reference (MR) configurations 2s 4d to the AS. In the first step of the calculation, the AS is AS1 = {4s, 4p, 4d, 4f}
Then, we increase the AS in the following way: AS2 = AS1 + {5s, 5p, 5d, 5f, 5g} AS3 = AS2 + {6s, 6p, 6d, 6f, 6g, 6h} AS4 = AS3 + {7s, 7p, 7d, 7f, 7g, 7h} AS5 = AS4 + {8s, 8p, 8d, 8f, 8g, 8h}
By enlarging the AS layer by layer, the convergence of the computed properties can be monitored. At each stage only the outer orbitals are optimized, while the inner ones are fixed. To reduce the number of CSFs, the 1s 2 core is closed during the the relativistic self-consistent field (RSCF) calculations, but is opened during the RCI calculations, where the Breit and QED corrections are included in the Hamiltonian and the mixing coefficients c r are recalculated without changing the radial functions. The final model using the AS5 active set contains about 4 020 000/14 410 000 even and 2 880 000/10 440 000 odd parity CSFs with the 1s 2 core closed/opened. Once the atomic state functions (ASFs) have been obtained, atomic parameters, such as line strengths, transition rates, hyperfine interaction constants, and Landé g J -factors can be calculated. A more detailed description of these parameters can be found in our recent work [7] as well as in the original write-ups of the computer codes [32, 33] .
MBPT
The MBPT method is explained in [28, 29, [34] [35] [36] . The method has been implemented in the FAC package [23] , and successfully used to calculate atomic data of high accuracy [37] [38] [39] [40] [41] [42] . The key feature of the MBPT method is the partitioning of the Hilbert space of the system into two subspaces, the model space M and the orthogonal space O. The configuration interaction effects in the M space is exactly considered, while the interaction between the space M and O is taken into account with the secondorder perturbation method. For the MBPT calculation, the model space M contains the even and odd multi-reference configurations of the MCDF method, while the space O contains all the possible configurations that are generated by SD virtual excitations of the O space. For single/double excitations, the maximum n value is 125/65, with the maximum l value is 25. Just as for the multiconfiguration calculations, QED effects are also included.
Results and Discussions
In the relativistic calculations, the ASFs are obtained as expansions over jj-coupled CSFs. To provide the LS J labeling system used by the experimentalists, as well as used in other sources, such as the NIST and CHIANTI databases, the ASFs are transformed from a jj-coupled CSF basis into a LS J-coupled CSF basis using the method provided by Gaigalas et al. [43, 44] The computed excitation energies for all the 344 levels of the 2s , 2s   2   2p   3   4s,  2s   2   2p   3   4p, 2s   2   2p   3   4d, 2s   2   2p   3   4f, and 2s2p   4 4s configurations from our MCDF and MBPT calculations are listed in Table 1 , along with the LS J coupling expansion coefficients obtained from our MCDF calculations.
Excitation energies
One check on the accuracy of the calculations is provided by the excitation energies. The MCDF excitation energies of the lowest 10 levels belonging to  3   the 2s   2   2p   4 , 2s2p 5 , and 2p 6 configurations are listed in Table 2 as a function of increasing AS. Inspection of Table 2 shows that excitation energies converge quite fast with increasing AS. The correlations arising from AS3 affect the MR results by about 1%, while the AS4/AS5 correlations only adjust the values of AS3/AS4 by approximately 0.02%/0.003%. The RCI excitation energies of the AS5 expansion including the Breit and QED effects are also listed in Table 2 . These effects change the n = 2 excitation energies considerably. For demonstrating the effects clearer, their contributions to the MCDF and MBPT excitation energies of all the 344 levels are shown in Figure 1 . Their contributions to the MCDF and MBPT data show good agreement. For low/highlying levels of the n=2/n=3, 4 complexes, the Breit and QED effects reduce significantly/slightly excitation energies by about 0. The energy levels for the present two complementary calculations are compared in Table 3 . Also collected in the table are the experimental values from the NIST ASD and theoretical energies calculated by Rynkun et al. [19] using the MCDF method (hereafter referred to as MCDF2), by Vilkas et al. [36] using the relativistic multireference Möller−Plesset perturbation theory (MRMP), and by Aggarwal et al. [20] (GRASP1 and FAC). Here, the parity P, J, and energy, rather than level identifications, are adopted to match the levels from various sources.
Compared with the present MCDF energy values for the levels of the n = 2 complex, three elaborate calculations (MCDF2, MBPT and MRMP) give very consistent values, and the agreement is within 0.05 % for MCDF2, 0.07 % for MBPT, and 0.13 % for MRMP. The NIST observations are available for seven levels, and agreement of the NIST values and the present MCDF excitation energies is well within the NIST uncertainties (1 000 cm
) [11] . The other two theoretical results (GRASP1 and FAC) reported by Aggarwal et al. [20] are not accurate enough to meet the requirement of line identification and interpretation, due to limited configuration interaction effects included in their calculations. For example, the differences between the GRASP1/FAC values and the NIST experimental values for the n = 2 levels are one order of magnitude larger than the corresponding differences between the MCDF/MBPT and NIST data. The deviation for the GRASP1 and FAC values from the MCDF/MBPT data is up to 1 % for the 2p 6 1 S 0 level.
For the remaining levels belonging to the n = 3, 4 configurations, the average absolute difference with the standard deviation of the present MBPT and MCDF energy values is −589 ± 724 cm −1 , corresponding to the average relative difference with the standard deviation of −0.003% ± 0.004%. The average absolute difference (with the standard deviation) between the GRASP1/FAC and MCDF energy values are 2257 ± 11436/6183 ± 12108 cm . The differences of the present results from these NIST values are significantly larger than the NIST uncertainties (1 900 cm −1 -2 500 cm −1 ) [11] , which implies that either the identifications of observed spectra are incorrect or a systematic error exists in both the MCDF and MBPT calculations. Further precise measurements and systematic elaborate calculations along the sequence (similar as those performed in Ref.
[41]) may be needed to resolve these relatively large discrepancy.
To further assess the accuracy of the present two data sets, relative differences between the MCDF and MBPT excitation energies are plotted in Figure 2 . It is clear that our calculated energies in two methods agree well with each other, i.e., the differences are within 0.073 % for the 10 levels of the n = 2 complex, and 0.011 % for the remaining 334 levels. Table 4 lists transition probabilities for the E1,  M1, E2, and M2 transitions among all the 344 levels  of O-like Kr XXIX, obtained from both the MCDF  and MBPT methods. Also included in this table  are wavelengths λ, line strengths S , and oscillator strengths g f . All the E1 and E2 values are computed in the length form, which is considered to be more accurate than the velocity form.
Transition rates
In Table 5 , we compare the present two sets of transition rates among the lowest 10 levels belonging to the 2s [19] using the MCDF method (hereafter referred to as MCDF2), the GRASP1 calculations [20] , and the multiconfiguration Hartree-Fock calculations with relativistic corrections in the Breit-Pauli approximation (MCHF-BP) [15] , as well as the values listed by the NIST ASD [12] . The present two data sets and the MCDF2 values are in good agreement, which is within 1 % for all the transitions. The NIST values also agree within 1 % with the present data sets. The GRASP1 and MCHF-BP results deviate from our MCDF values by over 6 % in many cases, with the largest deviations up to 14 %. To some extent, this may be attributed to the limited configuration interaction effects included in these two calculations.
To further estimate the uncertainty of our two data sets, line strengths from our MCDF calculations (S MCDF ) with S MCDF ≥ 10
for the E1 transitions are compared with the MBPT line strengths (S MBPT ) in Figure 3 . Our two data sets agree within 10 % for most of the transitions. According to the uncertainty estimation method suggested by Kramida [45, 46] we have the following averaged uncertainties for the S values of E1 transitions in various ranges of the line strengths: 1.5 % for S ≥ 10 . Accounting also for the contributions from the uncertainty of the wavelengths, about 4.6 % E1 transitions included in Ta Table 4 . The largest differences between the two set of results generally occur for the weakest transitions. Most of them are two-electronsone-photon transitions. These transitions are strictly forbidden in the single configuration approximation and are induced through configuration interaction effects. Even with today's methods, which allow massive CSF expansions, such transitions are very difficult to compute accurately.
Again, using the method suggested in [45, 46] , the uncertainties of the A values for the M1, E2, and M2 transitions are estimated. The estimated uncertainties for all M1, E2, and M2 transitions are listed in Table 4 .
Lifetimes, Hyperfine interaction constants, and
Landé g J -factors Table 6 presents our MCDF and MBPT lifetimes in the length form. The differences between our two data sets are within 4 % except for four excited levels, namely, levels 73 (2s , for which the discrepancies are larger, but are still less than 8 %. The theoretical results of Rynkun et al. [19] (MCDF2), and of [20] (GRASP1) are also included in Table 6 for comparison. The MCDF2 results for the n = 2 levels are very close to our MCDF and MBPT values, and the differences are within 1 %. However, the GRASP1 results differ substantially from the present two data sets for many levels. The differences are often larger than 10% (up to a factor of five) for some levels, such as the levels 71, 73, 93, and 95.
The total energies, A J , B J hyperfine interaction constants and Landé g J -factors for the 344 levels of Kr XXIX calculated using the MCDF method are also given in on average for the n = 2 levels, while the uncertainty is smaller than 0.1 % for the n ≥ 3 levels, and lifetimes are assessed to be accurate to better than 4% for most levels. The high accuracy carries over to the n = 3, 4 levels, for which experimental data are largely missing. We believe that the present sets of results are the most complete and accurate to date. These data are expected to be very useful for modeling and diagnosing plasmas. . E MCDF , ∆E MBPT -the present values; ∆E NIST -Kramida et al. [12] ; ∆E MCDF2 -Rynkun et al. [19] ; ∆E MRMP -Vilkas et al. [36] ; ∆E GRASP1 , ∆E FAC -Aggarwal et al. [20] . ∆E x = ∆E x − E MCDF . The NIST excitation energies have an uncertainty of ≤1 000 cm Table 4 . Wavelengths (λ, in vacuum, Å), transition rates (A, in s 
